
Contents

Preface xiii

Notation xxiii

1 What Is Combinatorics? 1
1.1 The Three Problems of Combinatorics . . . . . . . . . . . . . . . . . 1
1.2 The History and Applications of Combinatorics . . . . . . . . . . . . 8
References for Chapter 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

PART I The Basic Tools of Combinatorics 15

2 Basic Counting Rules 15
2.1 The Product Rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2 The Sum Rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.3 Permutations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.4 Complexity of Computation . . . . . . . . . . . . . . . . . . . . . . . 27
2.5 r-Permutatlons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.6 Subsets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.7 r-Combinations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
2.8 Probability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
2.9 Sampling with Replacement . . . . . . . . . . . . . . . . . . . . . . . 47
2.10 Occupancy Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

2.10.1 The Types of Occupancy Problems . . . . . . . . . . . . . . . 51
2.10.2 Case 1: Distinguishable Balls and Distinguishable Cells . . . 53
2.10.3 Case 2: Indistinguishable Balls and Distinguishable Cells . . 53
2.10.4 Case 3: Distinguishable Balls and Indistinguishable Cells . . 54
2.10.5 Case 4: Indistinguishable Balls and Indistinguishable Cells . 55
2.10.6 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

2.11 Multinomial Coefficients . . . . . . . . . . . . . . . . . . . . . . . . . 59
2.11.1 Occupancy Problems with a Specified Distribution . . . . . . 59
2.11.2 Permutations with Classes of Indistinguishable Objects . . . 62

2.12 Complete Digest by Enzymes . . . . . . . . . . . . . . . . . . . . . . 64
2.13 Permutations with Classes of Indistinguishable Objects Revisited . . 68
2.14 The Binomial Expansion . . . . . . . . . . . . . . . . . . . . . . . . . 70
2.15 Power in Simple Games . . . . . . . . . . . . . . . . . . . . . . . . . 73

v



vi Contents

2.15.1 Examples of Simple Games . . . . . . . . . . . . . . . . . . . 73
2.15.2 The Shapley-Shubik Power Index . . . . . . . . . . . . . . . . 75
2.15.3 The U.N. Security Council . . . . . . . . . . . . . . . . . . . 78
2.15.4 Bicameral Legislatures . . . . . . . . . . . . . . . . . . . . . . 78
2.15.5 Cost Allocation . . . . . . . . . . . . . . . . . . . . . . . . . . 79
2.15.6 Characteristic Functions . . . . . . . . . . . . . . . . . . . . . 80

2.16 Generating Permutations and Combinations . . . . . . . . . . . . . . 84
2.16.1 An Algorithm for Generating Permutations . . . . . . . . . . 84
2.16.2 An Algorithm for Generating Subsets of Sets . . . . . . . . . 86
2.16.3 An Algorithm for Generating Combinations . . . . . . . . . 88

2.17 Inversion Distance Between Permutations . . . . . . . . . . . . . . . 91
2.18 Good Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

2.18.1 Asymptotic Analysis . . . . . . . . . . . . . . . . . . . . . . . 96
2.18.2 NP-Complete Problems . . . . . . . . . . . . . . . . . . . . . 100

2.19 Pigeonhole Principle and Its Generalizations . . . . . . . . . . . . . . 101
2.19.1 The Simplest Version of the Pigeonhole Principle . . . . . . . 101
2.19.2 Generalizations and Applications of the Pigeonhole Principle 103
2.19.3 Ramsey Numbers . . . . . . . . . . . . . . . . . . . . . . . . . 106

Additional Exercises for Chapter 2 . . . . . . . . . . . . . . . . . . . . . . 111
References for Chapter 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

3 Introduction to Graph Theory 119
3.1 Fundamental Concepts . . . . . . . . . . . . . . . . . . . . . . . . . . 119

3.1.1 Some Examples . . . . . . . . . . . . . . . . . . . . . . . . . . 119
3.1.2 Definition of Digraph and Graph . . . . . . . . . . . . . . . . 124
3.1.3 Labeled Digraphs and the Isomorphism Problem . . . . . . . 127

3.2 Connectedness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
3.2.1 Reaching in Digraphs . . . . . . . . . . . . . . . . . . . . . . 133
3.2.2 Joining in Graphs . . . . . . . . . . . . . . . . . . . . . . . . 135
3.2.3 Strongly Connected Digraphs and Connected Graphs . . . . . 135
3.2.4 Subgraphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
3.2.5 Connected Components . . . . . . . . . . . . . . . . . . . . . 138

3.3 Graph Coloring and Its Applications . . . . . . . . . . . . . . . . . . 145
3.3.1 Some Applications . . . . . . . . . . . . . . . . . . . . . . . . 145
3.3.2 Planar Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . 151
3.3.3 Calculating the Chromatic Number . . . . . . . . . . . . . . . 154
3.3.4 2-Colorable Graphs . . . . . . . . . . . . . . . . . . . . . . . . 155
3.3.5 Graph-Coloring Variants . . . . . . . . . . . . . . . . . . . . . 159

3.4 Chromatic Polynomials . . . . . . . . . . . . . . . . . . . . . . . . . 172
3.4.1 Definitions and Examples . . . . . . . . . . . . . . . . . . . . 172
3.4.2 Reduction Theorems . . . . . . . . . . . . . . . . . . . . . . . 175
3.4.3 Properties of Chromatic Polynomials . . . . . . . . . . . . . . 179

3.5 Trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185
3.5.1 Definition of a Tree and Examples . . . . . . . . . . . . . . . 185
3.5.2 Properties of Trees . . . . . . . . . . . . . . . . . . . . . . . . 188



Contents vii

3.5.3 Proof of Theorem 3.15 . . . . . . . . . . . . . . . . . . . . . . 188
3.5.4 Spanning Trees . . . . . . . . . . . . . . . . . . . . . . . . . . 189
3.5.5 Proof of Theorem 3.16 and a Related Result . . . . . . . . . 192
3.5.6 Chemical Bonds and the Number of Trees . . . . . . . . . . . 193
3.5.7 Phylogenetic Tree Reconstruction . . . . . . . . . . . . . . . . 196

3.6 Applications of Rooted Trees . . . . . . . . . . . . . . . . . . . . . . 202
3.6.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202
3.6.2 Search Trees . . . . . . . . . . . . . . . . . . . . . . . . . . . 205
3.6.3 Proof of Theorem 3.24 . . . . . . . . . . . . . . . . . . . . . . 206
3.6.4 Sorting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207
3.6.5 The Perfect Phylogeny Problem . . . . . . . . . . . . . . . . . 211

3.7 Representing a Graph in the Computer . . . . . . . . . . . . . . . . 219
3.8 Ramsey Numbers Revisited . . . . . . . . . . . . . . . . . . . . . . . 224
References for Chapter 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228

4 Relations 235
4.1 Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

4.1.1 Binary Relations . . . . . . . . . . . . . . . . . . . . . . . . . 235
4.1.2 Properties of Relations/Patterns in Digraphs . . . . . . . . . 240

4.2 Order Relations and Their Variants . . . . . . . . . . . . . . . . . . . 247
4.2.1 Defining the Concept of Order Relation . . . . . . . . . . . . 247
4.2.2 The Diagram of an Order Relation . . . . . . . . . . . . . . . 250
4.2.3 Linear Orders . . . . . . . . . . . . . . . . . . . . . . . . . . . 252
4.2.4 Weak Orders . . . . . . . . . . . . . . . . . . . . . . . . . . . 254
4.2.5 Stable Marriages . . . . . . . . . . . . . . . . . . . . . . . . . 256

4.3 Linear Extensions of Partial Orders . . . . . . . . . . . . . . . . . . . 260
4.3.1 Linear Extensions and Dimension . . . . . . . . . . . . . . . . 260
4.3.2 Chains and Antichains . . . . . . . . . . . . . . . . . . . . . . 265
4.3.3 Interval Orders . . . . . . . . . . . . . . . . . . . . . . . . . . 270

4.4 Lattices and Boolean Algebras . . . . . . . . . . . . . . . . . . . . . 274
4.4.1 Lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 274
4.4.2 Boolean Algebras . . . . . . . . . . . . . . . . . . . . . . . . . 276

References for Chapter 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 282

PART II The Counting Problem 285

5 Generating Functions and Their Applications 285
5.1 Examples of Generating Functions . . . . . . . . . . . . . . . . . . . 285

5.1.1 Power Series . . . . . . . . . . . . . . . . . . . . . . . . . . . 286
5.1.2 Generating Functions . . . . . . . . . . . . . . . . . . . . . . 288

5.2 Operating on Generating Functions . . . . . . . . . . . . . . . . . . . 297
5.3 Applications to Counting . . . . . . . . . . . . . . . . . . . . . . . . 302

5.3.1 Sampling Problems . . . . . . . . . . . . . . . . . . . . . . . . 302
5.3.2 A Comment on Occupancy Problems . . . . . . . . . . . . . . 309

5.4 The Binomial Theorem . . . . . . . . . . . . . . . . . . . . . . . . . 312



viii Contents

5.5 Exponential Generating Functions and Generating Functions for Per-
mutations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 320
5.5.1 Definition of Exponential Generating Function . . . . . . . . 320
5.5.2 Applications to Counting Permutations . . . . . . . . . . . . 321
5.5.3 Distributions of Distinguishable Balls into Indistinguishable

Cells . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 325
5.6 Probability Generating Functions . . . . . . . . . . . . . . . . . . . . 328
5.7 The Coleman and Banzhaf Power Indices . . . . . . . . . . . . . . . 333
References for Chapter 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 337

6 Recurrence Relations 339
6.1 Some Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 339

6.1.1 Some Simple Recurrences . . . . . . . . . . . . . . . . . . . . 339
6.1.2 Fibonacci Numbers and Their Applications . . . . . . . . . . 346
6.1.3 Derangements . . . . . . . . . . . . . . . . . . . . . . . . . . . 350
6.1.4 Recurrences Involving More Than One Sequence . . . . . . . 354

6.2 The Method of Characteristic Roots . . . . . . . . . . . . . . . . . . 360
6.2.1 The Case of Distinct Roots . . . . . . . . . . . . . . . . . . . 360
6.2.2 Computation of the kth Fibonacci Number . . . . . . . . . . 363
6.2.3 The Case of Multiple Roots . . . . . . . . . . . . . . . . . . . 364

6.3 Solving Recurrences using Generating Functions . . . . . . . . . . 369
6.3.1 The Method . . . . . . . . . . . . . . . . . . . . . . . . . . . 369
6.3.2 Derangements . . . . . . . . . . . . . . . . . . . . . . . . . . . 375
6.3.3 Simultaneous Equations for Generating Functions . . . . . . 377

6.4 Some Recurrences Involving Convolutions . . . . . . . . . . . . . . . 382
6.4.1 The Number of Simple, Ordered, Rooted Trees . . . . . . . . 382
6.4.2 The Ways to Multiply a Sequence of Numbers in a Computer 386
6.4.3 Secondary Structure in RNA . . . . . . . . . . . . . . . . . . 389
6.4.4 Organic Compounds Built Up from Benzene Rings . . . . . . 391

References for Chapter 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 400

7 The Principle of Inclusion and Exclusion 403
7.1 The Principle and Some of Its Applications . . . . . . . . . . . . . . 403

7.1.1 Some Simple Examples . . . . . . . . . . . . . . . . . . . . . 403
7.1.2 Proof of Theorem 6.1 . . . . . . . . . . . . . . . . . . . . . . 406
7.1.3 Prime Numbers, Cryptography, and Sieves . . . . . . . . . . 407
7.1.4 The Probabilistic Case . . . . . . . . . . . . . . . . . . . . . . 412
7.1.5 The Occupancy Problem with Distinguishable Balls and Cells 413
7.1.6 Chromatic Polynomials . . . . . . . . . . . . . . . . . . . . . 414
7.1.7 Derangements . . . . . . . . . . . . . . . . . . . . . . . . . . . 417
7.1.8 Counting Combinations . . . . . . . . . . . . . . . . . . . . . 418
7.1.9 Rook Polynomials . . . . . . . . . . . . . . . . . . . . . . . . 419

7.2 The Number of Objects Having Exactly m Properties . . . . . . . . 425
7.2.1 The Main Result and Its Applications . . . . . . . . . . . . . 425
7.2.2 Proofs of Theorems 7.4 and 7.5 . . . . . . . . . . . . . . . . . 431



Contents ix

References for Chapter 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 436
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