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Abstract

In this paper we present a theoretical model for understanding the performanceof
Latent Semantic Indexing (LSI) search and retrieval applications. Many models for
understandingLSI havebeenproposed.Ours is the �rst to study the valuesproduced
by LSI in the term by dimensionvectors.The framework presented here is basedon
term co-occurrencedata. We show a strong correlation betweensecond-orderterm
co-occurrenceand the valuesproducedby the Singular Value Decomposition (SVD)
algorithm that forms the foundation for LSI. We also present a mathematical proof
that the SVD algorithm encapsulatesterm co-occurrenceinformation.
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1 In tro duction

Latent Semantic Indexing (LSI) (Deerwester et al., 1990) is a well-known
information retrieval algorithm. LSI has been applied to a wide variety of
learning tasks, such as search and retrieval (Deerwester et al., 1990),classi�-
cation (Zelikovitz and Hirsh, 2001)and �ltering (Dumais, 1994,1995).LSI is
a vector spaceapproach for modeling documents, and many have claimedthat
the technique brings out the `latent' semantics in a collection of documents
(Deerwesteret al., 1990;Dumais, 1992).

LSI is basedon a mathematical technique termed Singular Value Decompo-
sition (SVD). The algebraic foundation for LSI was �rst described in (Deer-
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westeret al., 1990)and hasbeenfurther discussedin (Berry et al., 1995,1999).
Thesepapers describe the SVD processand interpret the resulting matrices
in a geometriccontext. The SVD, truncated to k dimensions,gives the best
rank-k approximation to the original matrix. (Wiemer-Hastings,1999)shows
that the power of LSI comesprimarily from the SVD algorithm.

Other researchershave proposedtheoretical approachesto understandingLSI.
(Zha and Simon, 1998)describesLSI in terms of a subspacemodel and pro-
posesa statistical test for choosing the optimal number of dimensionsfor a
givencollection. (Story, 1996)discussesLSI's relationship to statistical regres-
sionand Bayesianmethods. (Ding, 1999)constructsa statistical model for LSI
using the cosinesimilarity measure.

Although other researchers have explored the SVD algorithm to provide an
understandingof SVD-basedinformation retrieval systems,to our knowledge,
only Sch•utze has studied the values produced by SVD (Sch•utze, 1992). We
expandupon this work, showing herethat LSI exploits higher-orderterm co-
occurrencein a collection.Weprovide a mathematicalproof of this fact herein,
thereby providing an intuitiv e theoretical understanding of the mechanism
whereby LSI emphasizeslatent semantics.

This work is alsothe �rst to study the valuesproducedin the SVD term by di-
mensionmatrix and wehavediscovereda correlation betweenthe performance
of LSI and the valuesin this matrix. Thus, in conjunction with the aforemen-
tioned proof of LSI's theoretical foundation on higher-order co-occurrences,
we have discoveredthe basisfor the claim that is frequently madefor LSI: LSI
emphasizesunderlying semantic distinctions (latent semantics) while reducing
noisein the data. This is an important component in the theoretical basisfor
LSI.

Additional related work can be found in a recent article by Dominich. In
(Dominich, 2003), the author shows that term co-occurrenceis exploited in
the connectionistinteraction retrieval model, and this can account for or con-
tribute to its e�ectiveness.

In Section 2 we present an overview of LSI along with a simple exampleof
higher-order term co-occurrencein LSI. Section 3 exploresthe relationship
betweenthe valuesproducedby LSI and term co-occurrence.In Sections3 and
4 we correlate LSI performanceto the valuesproducedby the SVD, indexed
by the order of co-occurrence.Section5 presents a mathematicalproof of LSI's
basison higher-orderco-occurrence.We draw conclusionsand touch on future
work in Section6.
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Fig. 1. Truncation of SVD for LSI

2 Overview of Laten t Semantic Indexing

In this section we provide a brief overview of the LSI algorithm. We also
discusshigher-order term co-occurrencein LSI, and present an example of
LSI assignment of term co-occurrencevaluesin a small collection.

2.1 Latent Semantic Indexing Algorithm

In traditional vector spaceretrieval, documents and queriesare represented
as vectors in t-dimensionalspace,where t is the number of indexed terms in
the collection. When Latent Semantic Indexing (LSI) is used for document
retrieval, Singular ValueDecomposition (SVD) is usedto decomposethe term
by document matrix into three matrices: T, a term by dimension matrix,
S a singular value matrix (dimension by dimension), and D, a document
by dimension matrix. The number of dimensionsis r , the rank of the term
by document matrix. The original matrix can be obtained, through matrix
multiplication of TSD T .

In an LSI system, the T, S and D matrices are truncated to k dimensions.
This processis presented graphically in Figure 1 (taken from (Berry et al.,
1995)). The shadedareas in the T and D matrices are kept, as are the k
largest singular values, the non-shadedareasare removed. The purpose of
dimensionality reduction is to reduce`noise'in the latent space,resulting in a
richer word relationship structure that revealslatent semantics present in the
collection. (Berry et al., 1995)discussesLSI processingin detail and provides
a numerical example.Queriesare represented in the reducedspaceby T T

k q,
whereTT

k is the transposeof the term by dimensionmatrix, after truncation to
k dimensions.Queriesare comparedto the reduceddocument vectors,scaled
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Table 1
Deerwester Term by Document Matrix

c1 c2 c3 c4 c5 m1 m2 m3 m4

human 1 0 0 1 0 0 0 0 0
interface 1 0 1 0 0 0 0 0 0
computer 1 1 0 0 0 0 0 0 0
user 0 1 1 0 1 0 0 0 0
system 0 1 1 2 0 0 0 0 0
response 0 1 0 0 1 0 0 0 0
time 0 1 0 0 1 0 0 0 0
EPS 0 0 1 1 0 0 0 0 0
survey 0 1 0 0 0 0 0 0 1
trees 0 0 0 0 0 1 1 1 0
graph 0 0 0 0 0 0 1 1 1
minors 0 0 0 0 0 0 0 1 1

by the singular values(SkDk) by computing the cosinesimilarity.

LSI relies on a parameter k, for dimensionality reduction. The optimal k is
determined empirically for each collection. In general, smaller k values are
preferredwhen using LSI, due to the computational cost associated with the
SVD algorithm, as well as the cost of storing and comparing large dimension
vectors.

In the next sectionwe apply LSI to a small collection which consistsof only
nine documents, and show how LSI transformsvaluesin the term by document
matrix.

2.2 Co-occurrence in LSI - An Example

The data for the following exampleis taken from (Deerwesteret al., 1990).In
that paper, the authors describe an examplewith 12 terms and 9 documents.
The term-document matrix is shown in Table 1 and the corresponding term-
to-term matrix is shown in Table 2.

As mentioned above, the SVD processusedby LSI decomposesthe matrix into
three matrices:T, a term by dimensionmatrix, S a singular valuematrix, and
D, a document by dimension matrix. The reader is referred to (Deerwester
et al., 1990) for the T, S, and D matrices corresponding to the term by
document matrix in Table 1. After dimensionality reduction the term-to-term
matrix can be re-computedusing the formula TkSk(TkSk)T . The term-to-term
matrix, after reduction to 2 dimensions,is shown in Table 3.

We will assumethat the value in position (i ,j ) of the matrix represents the
similarity betweenterm i and term j in the collection.As canbe seenin Table
3, user and human now have a value of .94, representing a strong similarity,
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Table 2
Deerwester Term-to-Term Matrix

t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12

human (t1) x 1 1 0 2 0 0 1 0 0 0 0
interface (t2) 1 x 1 1 1 0 0 1 0 0 0 0
computer (t3) 1 1 x 1 1 1 1 0 1 0 0 0
user (t4) 0 1 1 x 2 2 2 1 1 0 0 0
system (t5) 2 1 1 2 x 1 1 3 1 0 0 0
response (t6) 0 0 1 2 1 x 2 0 1 0 0 0
time (t7) 0 0 1 2 1 2 x 0 1 0 0 0
EPS (t8) 1 1 0 1 3 0 0 x 0 0 0 0
survey (t9) 0 0 1 1 1 1 1 0 x 0 1 1
trees (t10) 0 0 0 0 0 0 0 0 0 x 2 1
graph (t11) 0 0 0 0 0 0 0 0 1 2 x 2
minors (t12) 0 0 0 0 0 0 0 0 1 1 2 x

Table 3
Deerwester Term-to-Term Matrix, Truncated to two dimensions

t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12

human (t1) x 0.54 0.56 0.94 1.69 0.58 0.58 0.84 0.32 -0.32 -0.34 -0.25
interface (t2) 0.54 x 0.52 0.87 1.50 0.55 0.55 0.73 0.35 -0.20 -0.19 -0.14
computer (t3) 0.56 0.52 x 1.09 1.67 0.75 0.75 0.77 0.63 0.15 0.27 0.20
user (t4) 0.94 0.87 1.09 x 2.79 1.25 1.25 1.28 1.04 0.23 0.42 0.31
system (t5) 1.69 1.50 1.67 2.79 x 1.81 1.81 2.30 1.20 -0.47 -0.39 -0.28
response (t6) 0.58 0.55 0.75 1.25 1.81 x 0.89 0.80 0.82 0.38 0.56 0.41
time (t7) 0.58 0.55 0.75 1.25 1.81 0.89 x 0.80 0.82 0.38 0.56 0.41
EPS (t8) 0.84 0.73 0.77 1.28 2.30 0.80 0.80 x 0.46 -0.41 -0.43 -0.31
survey (t9) 0.32 0.35 0.63 1.04 1.20 0.82 0.82 0.46 x 0.88 1.17 0.85
trees (t10) -0.32 -0.20 0.15 0.23 -0.47 0.38 0.38 -0.41 0.88 x 1.96 1.43
graph (t11) -0.34 -0.19 0.27 0.42 -0.39 0.56 0.56 -0.43 1.17 1.96 x 1.81
minors (t12) -0.25 -0.14 0.20 0.31 -0.28 0.41 0.41 -0.31 0.85 1.43 1.81 x

where before the value was zero. In fact, user and human is an exampleof
second-orderco-occurrence.The relationship betweenuser and human comes
from the transitive relation: user co-occurs with interface and interface co-
occurswith human.

A closer look reveals a value of 0.15 in the relationship between tr ees and
computer. Looking at the co-occurrencepath gives us an explanation as to
why theseterms received a positive (albeit weak) similarity value.From Table
2, we seethat tr eesco-occurswith graph, graph co-occurswith survey, and
survey co-occurs with computer. Hence the tr ees=computerrelationship is
an exampleof third-order co-occurrence.In Section3 we explorethe relation-
ship betweenhigher-orderterm co-occurrenceand the valueswhich appear in
the term-to-term matrix, and in Section 4 we present correlation data that
con�rms the relationship between the term-to-term matrix values and the
performanceof LSI.

To completely understand the dynamicsof the SVD process,a closerlook at
Table 1 is warranted. The nine documents in the collection can be split into
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Table 4
Modi�ed Deerwester Term-to-Term Matrix, Truncated to two dimensions

t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12

human (t1) x 0.50 0.60 1.01 1.62 0.66 0.66 0.76 0.45 { { {
interface (t2) 0.50 x 0.53 0.90 1.45 0.59 0.59 0.68 0.40 { { {
computer (t3) 0.60 0.53 x 1.08 1.74 0.71 0.71 0.81 0.48 { { {
user (t4) 1.01 0.90 1.08 x 2.92 1.19 1.19 1.37 0.81 { { {
system (t5) 1.62 1.45 1.74 2.92 x 1.91 1.91 2.20 1.30 { { {
response (t6) 0.66 0.59 0.71 1.19 1.91 x 0.78 0.90 0.53 { { {
time (t7) 0.66 0.59 0.71 1.19 1.91 0.78 x 0.90 0.53 { { {
EPS (t8) 0.76 0.68 0.81 1.37 2.20 0.90 0.90 x 0.61 { { {
survey (t9) 0.45 0.40 0.48 0.81 1.30 0.53 0.53 0.61 x { { {
trees (t10) { { { { { { { { { x 2.37 1.65
graph (t11) { { { { { { { { { 2.37 x 1.91
minors (t12) { { { { { { { { { 1.65 1.91 x

two subsetsC1-C5and M1-M4. If the term survey did not appear in the M1-
M4 subset,the subsetswould be disjoint. The data in Table 4 was developed
by changing the survey=m4 entry to 0 in Table 1, computing the SVD of
this new matrix, truncating to two dimensions,and deriving the associated
term-to-term matrix.

The terms are now segregated;all values between the tr ees;graph;minor s
subsetand the rest of the terms have beenreducedto zero. In Section5 we
prove a theorem that explains this phenomenon,showing, in all cases,that if
there is no connectivity path between two terms, the resultant value in the
term-to-term matrix must be zero.

3 Higher-order Co-o ccurrence in LSI

In this section we study the relationship between the values produced by
LSI and term co-occurrence.We show a relationship between the term co-
occurrencepatterns and resultant LSI similarity values.This data shows how
LSI emphasizesimportant semantic distinctions, while de-emphasizingterms
that co-occur frequently with many other terms (reduces`noise'). A full un-
derstandingof the relationship betweenhigher-order term co-occurrenceand
the valuesproduced by SVD is a necessarystep toward the development of
an approximation algorithm for LSI.

3.1 Data Sets

We chosethe MED, CRAN, CISI and LISA collections for our study of the
higher-orderco-occurrencein LSI. Table5 shows the attributes of each collec-
tion.
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Table 5
Data SetsUsed for Analysis

Iden ti�er Description Do cs T erms

MED Medical Abstracts 1033 5831

CISI Information Science Abstracts 1450 5143

CRAN Cran�eld Collection 1398 3932

LISA Words Library and Information Science Abstracts 6004 18429

LISA Noun Phrase Library and Information Science Abstracts 5998 81,879

The LISA collectionwasprocessedin two ways. The �rst wasan extraction of
wordsonly, resulting in a collectionwith 6004documents and 18429terms. We
will refer to this collection asLISA Words. Next the HDDI Collection Builder
(Pottenger and Yang, 2001;Pottenger et al., 2001)was usedto extract max-
imal length noun phrases.This collection contains 5998documents (no noun
phraseswereextracted from several short documents) and 81,879terms. The
experimental results for the LISA Noun Phrasecollection were restricted to
1000 randomly chosenterms (due to processingtime considerations).How-
ever, for each of the 1000terms, all co-occurring terms (up to 81,879)were
processed,giving us con�dence that this data set accurately re
ects the scal-
abilit y of our result. In the future, we plan to expand this analysis to larger
data sets,such as those usedfor the Text Retrieval Conference(TREC) ex-
periments.

3.2 Methodology

Our experiments captured four main features of these data sets: the order
of co-occurrencefor each pair of terms in the truncated term-to-term matrix
(shortest path length), the order of co-occurrencefor each pair of terms in
the original (not truncated) matrix, the distribution of the similarity values
produced in the term-to-term matrix, categorizedby order of co-occurrence,
and the number of second-orderco-occurrencepathsbetweeneach setof terms.

In order to completetheseexperiments, we neededa program to perform the
SVD decomposition. The SVDPACK suite (Berry et al., 1993) that provides
eight algorithms for decomposition was selectedbecauseit was readily avail-
able, aswell as thoroughly tested.The singular valuesand vectorswere input
into our algorithm.
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Table 6
Order of Co-occurrenceSummary Data (k=100 for all Collections)

Collection First Second Third Fourth Fifth Sixth

MED Truncated 1,110,485 15,867,200 17,819 - -
MED Original 1,110,491 15,869,045 17,829 - -
CRAN Truncated 2,428,520 18,817,356 508 - -
CRAN Original 2,428,588 18,836,832 512 - -
CISI Truncated 2,327,918 29,083,372 17,682 - -
CISI Original 2,328,026 29,109,528 17,718 - -
LISA Words Truncated 5,380,788 308,556,728 23,504,606 - -
LISA Words Original 5,399,343 310,196,402 24,032,296 - -
LISA Noun Phrase Truncated 51,350 10,976,417 65,098,694 1,089,673 3 -
LISA Noun Phrase Original 51,474 11,026,553 68,070,600 2,139,117 15,755 34

3.3 Results

The order of co-occurrencesummaryfor all of the collectionsis shown in Table
6. Fifth order co-occurrencewas the highest order observed in the truncated
matrices. In is interesting that the noun phrasecollection is the only collec-
tion that resulted in a co-occurrenceorder higher than three. The order-two
and order-threeco-occurrencessigni�cantly reducethe sparsity of the original
data. The lines labeled`Collection' Original indicate the number of pairs with
co-occurrenceorder n determined from a trace of the original term-to-term
matrix. LSI incorporatesover 99% of the (higher-order) term co-occurrences
present in the data for the �rst four collections,and 95%for the LISA Noun
Phrasecollection.

Table 7 shows the weight distribution for the LISA Words data, for k=100.
MED and CISI showed similar trends. This data provides insight into under-
standing the valuesproducedby SVD in the truncated term-to-term matrix.
The degree-two pair weights rangefrom -0.3 to valueslarger than 8. Theseco-
occurrenceswill result in signi�cant di�erences in document matching when
the LSI algorithm is applied in a search and retrieval application. However, the
weights for the degree-threepairs arebetween-0.2and 0.1,adding a relatively
small degreeof variation to the �nal results.Many of the original term-to-term
co-occurrences(degree-onepairs) are reducedto nearly zero,while others are
signi�cantly larger.

Table 7 alsoshows the averagenumber of paths by term-to-term value range
for LISA Words. Clearly the degree-two pairs that have a similarity close
to zero have a much smaller averagenumber of paths than the pairs with
either highernegativeor positivesimilarities. The degree-onepairs with higher
averagenumber of paths tend to have negative similarity values,pairs with
fewer co-occurrencespaths tend to receive low similarity values,and pairs with
a moderate number of co-occurrencepaths tend to receive high similarity
values. This explains how LSI emphasizesimportant semantic distinctions,
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Table 7
AverageNumber of paths by term-term value for LISA Words, k=100

Term Term Degree 1 Degree 2 Degree 3 Degree 2 Av erage Av erage Av erage
Matrix Pairs Pairs Pairs Paths No. Paths No. Paths No. Paths
Value for Deg 1 for Deg 2 for Deg 3

pairs pairs pairs

less than -0.2 21,946 186,066 - 66,323,200 3,022 356 -
-0.2 to -0.1 10,012 422,734 2 59,418,198 5,935 141 29,709,099
-0.1 to 0.0 76,968 127,782,170 18,398,756 1,587,147,584 20,621 12 86
0.0 to 0.1 1,670,542 175,021,904 5,105,848 4,026,560,130 2,410 23 789
0.1 to 0.2 662,800 3,075,956 - 721,472,948 1,089 235 -
0.2 to 0.3 418,530 974,770 - 389,909,456 932 400 -
0.3 to 0.4 320,736 439,280 - 259,334,214 809 590 -
0.4 to 0.5 309,766 232,584 - 195,515,980 631 841 -
0.5 to 0.6 241,466 136,742 - 151,687,510 628 1,109 -
0.6 to 0.7 158,210 85,472 - 117,150,688 740 1,371 -
0.7 to 0.8 128,762 56,042 - 96,294,828 748 1,718 -
0.8 to 0.9 113,826 38,156 - 81,799,460 719 2,144 -
0.9 to 1.0 119,440 25,958 - 72,273,400 605 2,784 -
1.0 to 2.0 547,354 70,616 - 393,001,792 718 5,565 -
2.0 to 3.0 208,238 6,678 - 172,335,854 828 25,807 -
3.0 to 4.0 105,332 1,112 - 98,575,368 936 88,647 -
4.0 to 5.0 62,654 334 - 64,329,366 1,027 192,603 -
5.0 to 6.0 40,650 78 - 45,174,210 1,111 579,157 -
6.0 to 7.0 28,264 36 - 33,514,804 1,186 930,967 -
7.0 to 8.0 21,316 24 - 26,533,666 1,245 1,105,569 -
over 8.0 113,976 16 - 188,614,174 1,655 11,788,386 -

while de-emphasizingterms that co-occur frequently with many other terms
(reduces`noise'). On the other hand, degree-two pairs with many paths of
connectivity tend to receivehigh similarity values,while thosewith a moderate
number tend to receive negative values. These degree-two pairs with high
valuescan be consideredthe `latent semantics' that are emphasizedby LSI.

4 Analysis of the LSI Values

In this sectionwe expand upon the work described in Section3. The results
of our analysisshow a strong correlation betweenthe valuesproducedby LSI
and higher-orderterm co-occurrences.

4.1 Data Sets

We chose six collections for our study of the values produced by LSI, the
four collectionsusedin Section3, and two additional collections,CACM and
NPL. Thesecollectionsaredescribed in Table8. Thesecollectionswerechosen
becausethey havequeryandrelevancejudgment setsthat arereadily available.
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Table 8
Data SetsUsed for Analysis

Iden ti�er Description Do cs T erms Queries Optimal k V alues for k
used in the
study

MED Medical Abstracts 1033 5831 30 40 10, 25, 40, 75,
100, 125, 150, 200

CISI Information Science Ab-
stracts

1450 5143 76 40 10, 25, 40, 75,
100, 125, 150, 200

CA CM Communications of the
ACM Abstracts

3204 4863 52 70 10, 25, 50, 70,
100, 125, 150, 200

CRAN Cran�eld Collection 1398 3931 225 50 10, 25, 50, 75,
100, 125, 150, 200

LISA Library and Information
Science Abstracts

6004 18429 35 165 10, 50, 100, 150,
165, 200, 300, 500

NPL Larger collection of very
short documents

11429 6988 93 200 10, 50, 100, 150,
200, 300, 400, 500

The Parallel GeneralText Parser(PGTP) (Martin and Berry, 2004)wasused
to preprocessthe text data, including creation and decomposition of the term
document matrix. For our experiments, we applied the log entropy weighting
option and normalizedthe document vectors.We chosethis weighting scheme
becauseit is commonly usedfor information retrieval applications. We plan
to expandour analysisto include other weighting schemesin the future.

We were interested in the distribution of values for both optimal and sub-
optimal parametersfor each collection. In order to identify the most e�ective
k (dimensiontruncation parameter) for LSI, we usedthe Fbeta, a combination
of precision and recall (van Rijsbergen,1979), as a determining factor. The
equationfor Fbeta is shown in (1). The betaparameterallowsusto placegreater
or lesseremphasison precision,depending on our needs.In our experiments
we usedbeta=1 for the Fbeta parameter, which balancesprecisionand recall.
We explored possiblevalues from k=10, incrementing by �v e, up to k=200
for the smaller collections and values up to k=500 for the LISA and NPL
collections.For each value of k, precisionand recall averageswere identi�ed
for each rank from 10 to 100(incrementing by 10), and the resulting Fbeta was
calculated.

Fbeta =
(beta2 + 1)(Precision)(Recall)

beta2(Precision) + (Recall)
(1)

The results of theseruns for selectedvaluesof k are summarizedin Figures2
and 3. To choosethe optimal k, we selectedthe smallestvalue that provided
substantially similar performanceaslarger k values.For example,in the LISA
collectionk=165 waschosenasthe optimum becausethe k valueshigher than
165 provide only slighter better performance.A smaller k is preferable to
reducethe computational overheadof both the decomposition and the search
and retrieval processing.The optimal k was identi�ed for each collection and
is shown in Table 8.
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Fig. 2. LISA Performancefor LISA and NPL

Fig. 3. LISA Performancefor Smaller Collections

4.2 Methodology

The algorithm usedto collect the co-occurrencedata appearsin Figure 4. After
wecomputethe SVD usingthe original term by document matrix, wecalculate
term-to-term similarities. LSI provides two natural methods for describing
term-to-term similarity. First, the term-to-term matrix can be createdusing
TkSk(TkSk)T . This approach results in valuessuch as thoseshown in Table 3.
Second,the term by dimension(TkSk) matrix can be usedto compareterms
using a vector distance measure,such as cosinesimilarity. In this case,the
cosinesimilarity is computed for each pair of rows in the TkSk matrix. This
computation results in a value in the range[-1, 1] for each pair of terms (i; j ).
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Fig. 4. Algorithm for Data Collection

After the term similarities are created, we need to determine the order of
co-occurrencefor each pair of terms. The order of co-occurrenceis computed
by tracing the co-occurrencepaths. In Figure 5 we present an exampleof this
process.In this small collection, terms A and B appear in document D1, terms
B and C appear in document D2, and terms C and D occur in document D3.
If each term is considereda node in a graph, arcs can be drawn between
the terms that appear in the samedocument. Now we can assignorder of
co-occurrenceas follows: nodes that are connectedare considered�rst-order
pairs, nodesthat can be reached with one intermediate hop are second-order
co-occurrences,nodes that can be reached with two intermediate hops are
third-order pairs, etc. In generalthe order of co-occurrenceis n + 1, wheren
is the number of hops neededto connect the nodesin the graph. Someterm
pairs may not have a connectingpath; the LSI term-to-term matrix for this
situation is exempli�ed in Table 4 in which entries are zero for terms that do
not have a connectivity path. The number of paths of co-occurrencecan also
be derived by successively multiplying the original term-to-term matrix (e.g.
usingTable 2), with itself. If A is the original term-to-term matrix, the values
in the (i; j ) entry of An will represent the number of paths of length n between
term i and term j .

4.3 Results

The order of co-occurrencesummary for the NPL collection is shown in Table
9. The valuesare expressedas a percentage of the total number of pairs of
�rst-, second-and third-order co-occurrencesfor each collection.The valuesin
Table9 represent the distribution using the cosinesimilarity. LSI performance
is alsoshown.

Table 10 shows the correlation coe�cien t for all collections.There is a strong
correlation between the percentage of second-ordernegative values and LSI
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Fig. 5. Tracing order of co-occurrence

Table 9
Distribution summary by sign and order of co-occurrencefor NPL

1st Order

k=10 k=50 k=100 k=150 k=200 k=300 k=400 k=500
[-1.0,-.01] 1.4% 2.5% 3.0% 3.1% 3.1% 2.8% 2.2% 1.6%
(-.01,.01) 0.5% 1.7% 2.9% 4.1% 5.0% 6.7% 8.1% 9.4%
[.01, 1.0] 98.1% 95.7% 94.1% 92.8% 91.8% 90.5% 89.7% 89.0%

2nd Order

k=10 k=50 k=100 k=150 k=200 k=300 k=400 k=500
[-1.0,-.01] 14.0% 24.6% 28.2% 30.1% 31.2% 32.1% 32.2% 31.8%
(-.01,.01) 2.4% 6.7% 9.9% 12.4% 14.7% 18.9% 22.7% 26.4%
[.01, 1.0] 83.6% 68.6% 61.9% 57.5% 54.2% 49.0% 45.1% 41.7%

3rd Order

k=10 k=50 k=100 k=150 k=200 k=300 k=400 k=500
[-1.0,-.01] 44.6% 62.7% 66.9% 69.3% 70.0% 69.7% 68.3% 66.6%
(-.01,.01) 3.9% 8.8% 11.6% 13.5% 15.1% 18.1% 21.0% 23.6%
[.01, 1.0] 51.5% 28.5% 21.6% 17.2% 14.9% 12.2% 10.7% 9.8%

LSI Performance B eta=1

k=10 k=50 k=100 k=150 k=200 k=300 k=400 k=500
Fbeta 0.08 0.13 0.15 0.15 0.16 0.17 0.17 0.18

performancefor all collections,with the correlationsfor MED appearingslightly
weaker than the other collections.There also appears to be a strong inverse
correlation between the positive third-order values and the performanceof
LSI. In generalthe valuesfor each order of co-occurrence/value pair appear
to be consistent acrossall collections,with the exception of the third-order
negative valuesfor CACM.
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Table 10
Correlation Coe�cien ts for CosineSimilarit y, all Collections

NPL CISI

1st Order 2nd Order 3rd Order 1st Order 2nd Order 3rd Order
[-1.0,-.01] 0.38 0.99 0.92 [-1.0,-.01] 0.77 0.95 0.99
(-.01,.01) 0.88 0.89 0.93 (-.01,.01) 0.86 0.82 0.81
[.01, 1.0] -0.95 -0.98 -1.00 [.01, 1.0] -0.95 -0.92 -0.98

LISA MED

1st Order 2nd Order 3rd Order 1st Order 2nd Order 3rd Order
[-1.0,-.01] 0.55 0.99 0.99 [-1.0,-.01] 0.71 0.76 0.80
(-.01,.01) 0.79 0.77 0.84 (-.01,.01) 0.52 0.48 0.52
[.01, 1.0] -0.93 -0.92 -0.97 [.01, 1.0] -0.68 -0.66 -0.74

CRAN CA CM

1st Order 2nd Order 3rd Order 1st Order 2nd Order 3rd Order
[-1.0,-.01] 0.91 0.94 0.97 [-1.0,-.01] 0.99 0.98 -0.21
(-.01,.01) 0.77 0.76 0.78 (-.01,.01) 0.92 0.93 0.93
[.01, 1.0] -0.88 -0.88 -0.96 [.01, 1.0] -0.96 -0.96 -0.94

Table 11
Correlation Coe�cien ts for Term-to-Term Similarit y, all Collections

NPL CISI

1st Order 2nd Order 3rd Order 1st Order 2nd Order 3rd Order
[-1.0,-.01] 0.90 0.99 0.99 [-1.0,-.01] 0.89 0.76 0.72
(-.01,.01) -0.87 -0.99 -0.99 (-.01,.01) -0.87 -0.77 -0.72
[.01, 1.0] -0.90 -0.99 -0.99 [.01, 1.0] 0.84 0.82 0.68

LISA MED

1st Order 2nd Order 3rd Order 1st Order 2nd Order 3rd Order
[-1.0,-.01] 0.90 0.95 0.99 [-1.0,-.01] 0.86 0.88 0.82
(-.01,.01) -0.89 -0.95 -1.00 (-.01,.01) -0.96 -0.88 -0.82
[.01, 1.0] -0.89 -0.95 -0.97 [.01, 1.0] 0.96 0.86 0.87

CRAN CA CM

1st Order 2nd Order 3rd Order 1st Order 2nd Order 3rd Order
[-1.0,-.01] 0.90 0.75 0.59 [-1.0,-.01] 0.98 0.91 0.93
(-.01,.01) -0.86 -0.73 -0.59 (-.01,.01) -0.95 -0.88 -0.92
[.01, 1.0] 0.81 -0.87 0.46 [.01, 1.0] 0.94 0.62 0.90

The corresponding data using the term-to-term similarity as opposedto the
cosine similarity is shown in Table 11. In this data we observe consistent
correlations for negative and zero valuesacrossall collections,but there are
major variancesin the correlationsfor the positive values.

Table 12 shows the values when the correlation coe�cien t is computed for
selectedrangesof the cosinesimilarity, without taking order of co-occurrence
into account. Again we note strong correlations for all collections for value
ranges(-.2,-1], (-.1,-.01] and (-.01,.01).
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Table 12
Correlation Coe�cien ts by Value Only for CosineSimilarit y

Similarit y NPL LISA CISI CRAN MED CA CM

(-.3,-.2] -0.74 -0.54 -0.16 -0.28 0.12 0.48
(-.2,-.1] 0.97 0.96 0.90 0.89 0.60 0.99
(-.1,-.01] 0.78 0.77 0.82 0.76 0.40 0.97
(-.01,.01) 0.98 0.98 0.92 0.90 0.62 0.99

[.01,.1] -0.36 -0.14 0.18 0.30 0.30 0.82
(.1,.2] -0.85 -0.81 -0.66 -0.64 -0.34 -0.07
(.2,.3] -0.98 -0.99 -0.89 -0.90 -0.62 -0.62
(.3,.4] -0.99 -0.99 -0.98 -0.99 -0.78 -0.84
(.4,.5] -0.98 -0.97 -0.99 -1.00 -0.87 -0.93
(.5,.6] -0.96 -0.96 -0.96 -0.98 -0.91 -0.94

Table 13
Correlation Coe�cien ts by Value Only for Term-to-Term Similarit y

Similarit y NPL LISA CISI CRAN MED CA CM

(-.02,-.01] 0.87 0.71 0.79 0.74 0.41 0.97
(-.01,-.001] 1.00 0.96 0.80 0.75 0.33 0.95
(-.001,.001) -0.99 -0.95 -0.81 -0.73 -0.34 -0.94

[.001,.01] -0.99 -0.95 0.89 -0.93 0.34 0.34
(.01,.02] 0.35 0.93 0.84 0.82 0.43 0.96
(.02,.03] 0.52 0.79 0.81 0.79 0.37 0.97
(.03,.04] 0.95 0.72 0.80 0.77 0.37 0.97
(.04,.05] 0.87 0.69 0.80 0.73 0.38 0.98
(.05,.06] 0.86 0.69 0.81 0.74 0.38 0.98
(.06,.07] 0.84 0.68 0.82 0.78 0.42 0.98
(.07,.08] 0.82 0.68 0.83 0.75 0.44 0.99
(.08,.09] 0.83 0.70 0.81 0.80 0.46 0.98
(.09,.1) 0.84 0.71 0.84 0.77 0.49 0.98

[.1, 9999] 0.87 0.81 0.89 0.83 0.58 0.99

Table 13 shows the corresponding values for selectedrangesof the term-to-
term similarity. These results are more di�cult to interpret. We seesome
similarity in the (-.02,-.01], (-.01,-.001]and (-.001,.001)rangesfor all collec-
tions exceptMED. The positive valuesdo not lend weight to any conclusion.
NPL and CACM show strong correlations for someranges,while the other
collectionsreport weaker correlations.

Our next step was to determine if thesecorrelationsexisted when the distri-
butions and LSI performancewere comparedacrosscollections.Two studies
weredone,oneholding k constant at k=100 and the secondusing the optimal
k (identi�ed in Table 8) for each collection. Onceagainwe looked at both the
cosineand the term-to-term similarities. Table 14 shows the value distribu-
tion for the cosinesimilarity for k=100. The correlation coe�cien ts for the
crosscollection studies are shown in Table 15. There is little evidencethat
the distribution of valueshas an impact on determining the optimal value of
k; however, there is a strong correlation between the second-ordernegative
and zerovaluesand LSI performance,whenk=100 is used.Thesecorrelations
are not asstrong asthe correlationsobtainedwhencomparingdi�erent values
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Table 14
CrossCollection Distribution by Sign and Order of Co-occurrence,Cosine,k=100

1st Order

CA CM MED CISI CRAN LISA NPL
[-1.0,-.01] 1.8% 1.9% 2.6% 2.5% 2.3% 3.0%
(-.01,.01) 1.9% 1.9% 2.3% 2.6% 2.1% 2.9%
[.01, 1.0] 96.3% 96.2% 95.0% 95.0% 95.6% 94.1%

2nd Order

CA CM MED CISI CRAN LISA NPL
[-1.0,-.01] 21.3% 35.0% 31.7% 31.2% 28.7% 28.2%
(-.01,.01) 7.8% 11.4% 9.2% 10.6% 8.5% 9.9%
[.01, 1.0] 71.0% 53.6% 59.1% 58.2% 62.8% 61.9%

3rd Order

CA CM MED CISI CRAN LISA NPL
[-1.0,-.01] 55.6% 75.0% 77.3% 72.8% 69.9% 66.9%
(-.01,.01) 17.3% 9.9% 8.7% 12.1% 10.3% 11.6%
[.01, 1.0] 27.1% 15.1% 14.0% 15.2% 19.9% 21.6%

LSI Performance B eta=1

CA CM MED CISI CRAN LISA NPL
Fbeta 0.13 0.56 0.23 0.14 0.20 0.16

Table 15
Crosscollection correlation coe�cien ts

Cosine Similarit y T erm-to-T erm Similarit y

k=100 k=100

1st Order 2nd Order 3rd Order 1st Order 2nd Order 3rd Order
[-1.0,-.01] -0.40 0.68 0.49 [-1.0,-.01] -0.53 -0.24 -0.29
(-.01,.01) -0.47 0.63 -0.45 (-.01,.01) 0.21 0.36 0.32
[.01, 1.0] 0.44 -0.69 -0.48 [.01, 1.0] -0.04 -0.43 -0.38

Optimal k Optimal k

1st Order 2nd Order 3rd Order 1st Order 2nd Order 3rd Order
[-1.0,-.01] -0.36 0.32 0.23 [-1.0,-.01] -0.43 -0.29 -0.31
(-.01,.01) -0.35 -0.17 -0.34 (-.01,.01) 0.48 0.36 0.31
[.01, 1.0] 0.36 -0.12 0.02 [.01, 1.0] -0.49 -0.44 -0.32

of k within a single collection, but �nding any similarity acrossthesewidely
disparatecollectionsis noteworthy.

4.4 Discussion

Our resultsshow strong correlationsbetweenhigher ordersof co-occurrencein
the SVD algorithm and the performanceof LSI, particularly when the cosine
similarity metric is used. In fact higher-order co-occurrencesplay a key role
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in the e�ectivenessof many systemsused for information retrieval and text
mining. We detour brie
y to describe recent applications that are implicitly
or explicitly using higher orders of co-occurrenceto improve performancein
applicationssuch asSearch and Retrieval, Word SenseDisambiguation, Stem-
ming, Keyword Classi�cation and Word Selection.

Philip Edmondsshows the bene�ts of usingsecond-and third-order co-occur-
rencein (Edmonds, 1997).The application described selectsthe most appro-
priate term when a context (such as a sentence) is provided. Experimental
resultsshow that the useof second-orderco-occurrencesigni�cantly improved
the precisionof the system.Useof third-order co-occurrenceresultedin incre-
mental improvements beyond second-orderco-occurrence.

(Zhanget al., 2000)explicitly usedsecond-orderterm co-occurrenceto improve
an LSI basedsearch and retrieval application. Their approach narrows the
term and document space,reducing the sizeof the matrix that is input into
the LSI system.The systemselectstermsand documents for the reducedspace
by �rst selectingall the documents that contain the terms in the query, then
selecting all terms in those documents, and �nally selecting all documents
that contain the expandedlist of terms. This approach reducesthe nonzero
entries in the term document matrix by an averageof 27%. Unfortunately
averageprecision also was degraded.However, when terms associated with
only onedocument wereremoved from the reducedspace,the number of non-
zeroentries wasreducedby 65%,whencomparedto the baseline,and precision
degradationwas only 5%.

(Sch•utze, 1998)explicitly usessecond-orderco-occurrencein his work on Au-
tomatic Word SenseDisambiguation. In this article, Sch•utze presents an al-
gorithm for discriminating the sensesof a given term. For example,the word
sensesin the previous sentence can meanthe physical senses(sight, hearing,
etc.) or it can mean `a meaningconveyed by speech or writing.' Clearly the
latter is a better de�nition of this useof senses,but automatedsystemsbased
solely on keyword analysiswould return this sentence to a query that asked
about the senseof smell. The paper presents an algorithm basedon use of
second-orderco-occurrenceof the terms in the training set to createcontext
vectors that represent a speci�c senseof a word to be discriminated.

Xu and Croft introduce the useof co-occurrencedata to improve stemming
algorithms (Xu and Croft, 1998).The premiseof the systemdescribed in this
paper is to use contextual (e.g., co-occurrence) information to improve the
equivalenceclassesproduced by an aggressive stemmer, such as the Porter
stemmer.The algorithm breaksdown onelargeclassfor a family of terms into
small contextually basedequivalenceclasses.Smaller,more tightly connected
equivalenceclassesresult in more e�ective retrieval (in terms of precisionand
recall), aswell an improvedrun-time performance(sincefewer termsareadded

17



to the query). Xu and Croft's algorithm implicitly useshigher orders of co-
occurrence.A strong correlation between terms A and B, and also between
terms B and C will result in the placement of terms A, B, and C into the
sameequivalenceclass.The result will be a transitive semantic relationship
betweenA and C. Orders of co-occurrencehigher than two are also possible
in this application.

In this section we have empirically demonstrated the relationship between
higher orders of co-occurrencein the SVD algorithm and the performance
of LSI. Thus we have provided a model for understanding the performance
of LSI by showing that second-orderco-occurrenceplays a critical role. In
the following section we provide an intuitiv e mathematical basis for under-
standing how LSI employs higher-order co-occurrencein emphasizinglatent
semantics. In the conclusionwe touch brie
y on the applicability of this result
to applications in information retrieval.

5 Transitivit y and the SVD

In this sectionwe present mathematicalproof that the LSI algorithm encapsu-
lates term co-occurrenceinformation. Speci�cally we show that a connectivity
path exists for every nonzeroelement in the truncated matrix.

We begin by setting up somenotation. Let A be a term by document matrix.
The SVD processdecomposesA into three matrices:a term by dimensionma-
trix, T, a diagonalmatrix of singular values,S, and a document by dimension
matrix D. The original matrix is re-formed by multiplying the components,
A = TSD T . When the components are truncated to k dimensions,a reduced
representation matrix, Ak is formedasAk = TkSkD T

k (Deerwesteret al., 1990).

The term-to-term co-occurrencematricesfor the full matrix and the truncated
matrix are shown in (2) and (3), respectively.

B = TSSTT (2)

Y = TkSkSkTT
k (3)

We note that elements of B represent term co-occurrencesin the collection,
and bij � 0 for all i and j . If term i and term j co-occur in any document
in the collection, bij > 0. Matrix multiplication results in equations(4) and
(5) for the ij th element of the co-occurrencematrix and the truncated matrix,
respectively. Here uip is the element in row i and column p of the matrix T,
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and sp is the pth largest singular value.

bij =
mX

p=1

s2
puip uj p (4)

yij =
kX

p=1

s2
puip uj p (5)

B 2 can be represented in terms of T and S as shown in (6).

B 2 = (TSSTT )(TSSTT ) = TSS(TT T)SSTT = TSSSSTT = TS4TT (6)

An inductive proof can be usedto show (7).

B n = TS2nTT (7)

And the element bn
ij can be written using (8).

bn
ij =

mX

p=1

s2n
p uipuj p (8)

To completeour argument, we needtwo lemmasrelated to the powers of the
matrix B .

Lemma 1 Let i and j be terms in a collection, there is a transitivity path of
order � 0 between the terms, i� the ij th elementof Bn is nonzero.

Lemma 2 If there is no transitivity path between terms i and j , then the ij th

elementof Bn (bn
ij ) is zero for all n.

The proof of theselemmascanbefound in (Kontostathis andPottenger,2002).
We are now ready to present our theorem.

Theorem 1 If the ij th elementof the truncated term-to-term matrix, Y , is
nonzero, then there is a transitivity path between term i and term j .

We needto show that if yij 6= 0, then there existsterms q1, . . . , qn , n � 0 such
that biq1 6= 0, bq1q2 6= 0, . . . , bqn j 6= 0: Alternately, we can show that if there is
no path betweenterms i and j , then yij = 0 for all k.

Assumethe T and S matrices have beentruncated to k dimensionsand the
resulting Y matrix has been formed. Furthermore, assumethere is no path
betweenterm i and term j . Equation (5) represents the yij element. Assume
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that s1 > s2 > s3 > : : : > sk > 0. By Lemma 2, bn
ij = 0 for all n. Dividing (8)

by s2n
1 , we have equation (9).

bn
ij = ui 1uj 1 +

mX

p=2

s2n
p

s2n
1

uipuj p = 0 (9)

We take the limit of this equation as n ! 1 , and note that ( sp

s1
) < 1 when

2 � p � m. Then as n ! 1 , ( sp

s1
)2n ! 0 and the summation term reducesto

zero.We concludethat ui 1uj 1 = 0. Substituting back into (8) we have (10).

mX

p=2

s2n
p uipuj p = 0 (10)

Dividing by s2n
2 yields (11).

ui 2uj 2 +
mX

p=3

s2n
p

s2n
2

uipuj p = 0 (11)

Taking the limit as n ! 1 , we have that ui 2uj 2 = 0. If we apply the same
argument k times we will obtain uipuj p = 0 for all p such that 1 � p � k.
Substituting back into (5) shows that yij = 0 for all k.

The argument thus far depends on our assumption that s1 > s2 > s3 >
: : : > sk > 0. When using SVD it is customary to truncate the matrices
by removing all dimensionswhosesingular value is below a given threshold
(Dumais, 1993); however, for our discussion,we will merely assumethat, if
s1 > s2 > : : : > sz� 1 > sz = sz+1 = sz+2 = : : : = sz+ w > sz+ w+1 > : : : > sk for
somez and somew � 1, the truncation will either removeall of the dimensions
with the duplicate singularvalue,or keepall of the dimensionswith this value.

We need to examine two cases.In the �rst case,z > k and the z : : : z + w
dimensionshave beentruncated. In this case,the above argument shows that
either uiq = 0 or uj q = 0 for all q � k and, therefore,yij = 0.

To handlethe secondcase,weassumethat z < k and the z : : : z+ w dimensions
have not beentruncated and rewrite equation (8) as (12).

bn
ij =

z� 1X

p=1

s2n
p uipuj p +

z+ wX

p= z
s2n

z uipuj p +
mX

p= z+ w+1

s2n
p uipuj p = 0 (12)

The argument above can be usedto show that uipuj p = 0 for p � z � 1, and
the �rst summation can be removed. After we divide the remainder of the
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equation by s2n
z , we have (13).

bn
ij =

z+ wX

p= z
uipuj p +

mX

p= z+ w+1

s2n
p

s2n
z

uipuj p = 0 (13)

Taking the limit as n ! 1 , we conclude that
P z+ w

p= z uipuj p = 0, and bn
ij is

reducedto (14).

bn
ij =

mX

p= z+ w+1

s2n
p uipuj p = 0 (14)

Again using the argument above, we can show that uipuj p = 0 for z + w + 1 �
p � k. Furthermore (15) holds, and our proof is complete.�

yij =
z� 1X

p=1

s2n
p uipuj p +

z+ wX

p= z
s2n

z uipuj p +
kX

p= z+ w+1

s2n
p uipuj p = 0 (15)

6 Conclusions and Future Work

Higher-order co-occurrencesplay a key role in the e�ectivenessof systems
usedfor information retrieval and text mining. We have explicitly shown use
of higher ordersof co-occurrencein the Singular Value Decomposition (SVD)
algorithm and, by inference,on the systemsthat rely on SVD, such asLSI. Our
empirical studies and mathematical analysis prove that term co-occurrence
plays a crucial role in LSI. The work shown here will �nd many practical
applications. Below we describe our own research activities that weredirectly
in
uenced by our discovery of the relationship betweenSVD and higher-order
term co-occurrence.

Our �rst exampleis a novel approach to term clustering. Our algorithm de-
�nes term similarity as the distance between the term vectors in the TkSk

matrix. We conclude from Section 4 that this de�nition of term similarity
is more directly correlated to improved performancethan is use of the re-
duceddimensionalterm-to-term matrix values.In (Kontostathis et al., 2004)
we describe the useof theseterm clustersin a systemwhich detectsemerging
trends in a corpusof time stamped textual documents. Our approach enables
the detection of 92%of the emergingtrends, on average,for the collectionswe
tested.

Our second,and more ambitious, application of these results is the devel-
opment of an algorithm for approximating LSI. LSI runtime performanceis
signi�cantly poorer than vector spaceperformancefor two reasons.First, the
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decomposition must be performed and it is computationally expensive. Sec-
ond, the matching of queries to documents in LSI is also computationally
expensive. The original document vectorsare very sparse,but the document
by dimension vectors used in LSI retrieval are dense,and the query must
be comparedto each document vector. Furthermore, the optimal truncation
value(k) must bediscoveredfor each collection.Webelievethat the correlation
data presented here can be usedto develop an algorithm that approximates
the performanceof an optimal LSI systemwhile reducing the computational
overhead.
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