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Abstract cellular telephone networks. These networks have base sta-
tions (aka cell towers) geographically distributed over the
Tabular data abound in many data stores: traditional re- country, with each base station being responsible for han-
lational databases store tables, and new applications also dling the calls to and from a specific geographic region.
generate massive tabular datasets. For example, considerThijs data may be represented by a table indexed by the lat-
the geographic distribution of cell phone traffic at different jtude and longitude of the base station and storing the call
base stations across the country or the evolution of traffic yolume for a period of time such as an hour.

at Internet routers over time . Detecting similarity patterns - aq another application, consider the representation of the
in such data sets (e.g., which geographic regions have sim-enet traffic between IP hosts over time. For example,
ilar cell phone usage distribution, which IP subnet traffic ,nq may visualize a table indexed by destination IP host and
distributions over time intervals are similar, €tc) is of great isqretized time representing the number of bytes of data
importance. |dentification of such patterns poses many con-¢,yarded at a router to the particular destination for each
ceptual challenges (what is a suitable similarity distance time period (since the current generation of IP routers route
function for two “regions”) as well as technical challenges  yafic hased on destination IP address only, this is valuable

(how t%lperform S|m|lar||ty cgmputgﬂons ﬁfflCIenﬂ()j/;S Mas- information about network congestion and performance that
sive tables get accumulated over time) that we address. |5 roters routinely store and dump).

We present methods for determining similar regions in .
massive tabular data. Our methods are for computing the In t_hese network data management scenarios and others,
“distance” between any two subregions of a tabular data: massive tables are generated routinely (see [5, 3, 9] forothgr
they are approximate, but highly accurate as we prove math_exar_n_ples). Wh'le some of the data may be Warehoysed n
ematically, and they are fast, running in time nearly linear traditional relational databases, this is seldom true in case
' ’ of emerging applications. Here, tabular data is stored and

in the table size. Our methods are general since these dis orocessed in propritary formats such as compressed fiat
n m ion n li ny mining or similar- & . .
tance computations can be applied to any gorsimra files [6]. Thus tabular data is emerging as a data format

ity algorithms that use.,, norms. A novelty of our distance of independent interest and support within large scale ap
computation procedures is that they work for aiynorms L ;
P pro ywo plications [4, 5, 9, 10].

— not only the traditionab = 2 orp = 1, but for allp < 2; i - )
the choice of, sayfractionalp, provides an interesting al- Of great interest in tabular data management is the task
ternative similarity behavior! of miningthem for interesting patterns. For example, in the
We use our algorithms in a detailed experimental study €xamples above, the “knowledge” from tabular data anal-
of the clustering patterns in real tabular data obtained from Ysis drives key network-management tasks such as traffic
one of AT&T’s data stores and show that our methods are €ngineering and flexible capacity planning [8]. In the cellu-
substantially faster than straightforward methods while re- 1ar calls case, one may be interested in finding geographic

maining highly accurate, and able to detect interesting pat- regions where the call distribution is similar, for example,
terns by varying the value of can one analyze the call volume patterns to separate dense

urban areas, suburban areas, commuter regions, and so on?

Thus many creative mining questions arise with tabular
data. Our informal goal of mining tabular data can be in-
stantiated in one of many standard ways: as clustering, as
association rule mining or in other ways. These tasks in-

Tabular data abound in data stores. Traditional relationsvolve comparing large (possibly arbitrary) portions of the
in database systems are tables. New applications also gertable with each other (possibly many times). Two funda-
erate massive tabular datasets — consider the application ofmental challenges emerge in addressing these tasks.

1. Introduction



First,what is a suitable notion of similarity between two size of the subtables, and provide guaranteed very ac-

regions? This is a conceptual question. Two natural dis- curate approximations. F@rvalues of our interest,
tance functions are commonly used to measure the distance  this involves developing “sketch” functions for com-
between two vectors or matrices (table portions). The puting theL,, distances using the notion of stable dis-

or Manhattan, metric is the sum of the absolute differences tributions from probability theory.
between corresponding entries; the, or Euclidean, met-
ric is (the square root of) the sum of squares of differences.
These distances are traditionally used in image recognition,
information retrieval and data mining. Depending on appli-
cations, one may consider dilation, scaling and other opera-
tions on vectors before computing the or Ly, horms.

Secondhow to compute these similarity distances effi-
ciently? Given two portions of the tabld,; or L, distances
can be computed in time linear in their size and one can
not do better. So this question has to be refined further. In
mining tasks such as clustering, table portions will be “com-
pared” against many others, possibly multiple times. If we
consider the problem of computing all such distances, one Clustering is a good example of a mining task affected by
needs to compute a large number of them (up ta*) table growing table sizes. A typical clustering algorithm “com-
portions for an x n table) and computing each is expensive pares” each “object” with others many times over, where
(O(n?) time each in the worst case). A clustering algorithm each comparison involves examining the distance of one
may need any subset of these computations done and comebject to each of a number of others. Many good algo-
puting all such distances either on demand or in one shot forrithms have been described in the literature already such
all possible subtables is expensive in time and/or space.  ask-means [14], CLARANS [16], BIRCH [21, 10], DB-

The problem of efficient similarity computation between SCAN [7] and CURE [11]. These focus on limiting the
table portions is a particularly irksome challenge since tabu- number of comparisons. As we described earlier, when ob-
lar data is massive, generated at the rate of several terabytejgcts are large, the cost of comparisons (not just the number
a month in most applications [5, 4, 3, 9]. Tabular data be- of comparisons) affects performance significantly. Orthog-
comes very large very quickly, since it grows with the prod- onal to the efforts mentioned above, we have focused on
uct of its defining characteristics: an extra base station will reducing the cost of each comparison. Since what is impor-
take thousands of readings a day, and an extra day’s dataant in clustering is often not the exact distances between
adds hundreds of thousands of readings. As these database®jects, but rather which of a set of objects another object is
grow larger, not only does the size of data stored increaseclosest to, and known clustering algorithms are in their na-
but also the size of the interesting table portions increasesture approximate and use randomness, we are able to show
With data storage capacities easily in the terabyte range, anyhat using randomness and approximation in distance esti-
subregions of interest to be “compared” (eg cell call data for mation does not sacrifice clustering quality by any appre-
the Los Angeles versus San Francisco areas) can themselvasable amount.
be megabytes or even gigabytes in size. This means that
previous assumptions that is commonly made in mining — 5 Related Work
that comparing two objects is a basic unit of computation —
no longer hold. Instead, the metric by which algorithms are
judged is no longer just the number of comparisons used,
but rather the number of comparisons multiplied by the cost
of a comparison.

In this paper, we address both the conceptual and tech
nical challenges above in mining massive tabular data. Our
contributions are as follows.

3. We experimentally study an interesting tabular data set
from an AT&T data store. It is a time series evolu-
tion of the call volumes from collection stations sorted
geographically in some linear fashion. We focus on
a basic mining task, namely, clustering the portions
of the tabular data. We apply known clustering algo-
rithms but employ our distance computation methods
and show empirically thaL,, for non-integral values
of p betweer) and2 yields interesting similarity met-
ric and that the resulting clustering algorithms are sub-
stantially faster than the straightforward methods.

Tabular data has previously been the focus for telecom-
munications data management problems — see, for exam-
ple, [4]. Mining tables has been studied previously in the
database community, chiefly as association rule mining on
multiple numerical attributes [19, 15, 18]. While time se-
ries mining has been studied extensively for both single and
multiple time series data, we are not aware of prior work on

1. We studyZ,, norms forp which differ from the classi- the tabular time series data mining we study here, nor the
calp = 1 orp = 2; in particular, we study non-integral application of approximate distance computations to clus-
values ofp, 0 < p < 2. Similarity of vectors or ma-  tering that we study here. Vectors and matrices are rou-
trices based on such non-integgaleveal novelties in  tinely compared based on theli, distances fop = 1,2

mining as our experimental studies show. or oo, and more unusually other integr), distances [20].
Only recently has the similarity behaviour 6f, distances

2. We present time and space efficient methods for with non-integralp been examined fdr < p < 2, as we do
quickly estimating thel,, distance between any two here and independently in [1].
table portions. These are very fast to precompute and  Our work involves dimensionality reduction techniques,
to process: they are constant in size irrespective of thewhich has been well explored in databases [2]. Previous di-



mensionality reduction techniques have used the first fewthe dot productX Yis Zi’j X”Y;j For anyd-length

components of the Discrete Fourier Transform, or other vectorz let median(#) denote the median of the sequence

linear transformations (Discrete Cosine or Wavelet Trans- 57, ... #7,.

forms). This is because thi, distance between a pair of

DFTs is the same as the, distance between the original 3 2. Sketch Definition

data. However, the step of approximating the distance by

using only the first components is a heuristic, based on the = \ 110 gistributionis a statistical distributiony with

fhbsef"atiff‘ that for Tatn)ageqtlr.l]ences most of tthe Zr;ggy %fa parametew in the rang€0, 2]. It has the property that if
e signal is concentrated in these components. oug e :

these techniques often work well for the Euclidean)(dis- X, X5, X, are distributed identically & thena, X, +

' . / asXo+...+a, X, isdistributed agl (a1, as, ..., an)||a X.
f[ance, they do.not work for'ot.hérp distances, mgludmg thg Several well-known distributions are known to be stable.
importantL, distance. This is because there is no equiva-

; ; The Gaussian distribution is stable with= 2; the Cauchy
lent result relating thé; distance of transformed sequences distribution is stable with — 1; and the vy distribu-
to that of the original sequences. '

1
Furthermore, this approach does not provide mecha-

tion is stable witha = 5. For all other permitted values
. . = of «, stable distributions can be simulated by using appro-
nisms for combining sketches the way we can do for effi- @ y g app
cient distance computation. As a result, in a previous pa-

priate transformations from uniform distributions. Further
per [13], we adopted dimensionality reduction using pro- details on stable distributions and computing values taken
jections when dealing with time series data. In this paper,

from stable distributions can be found in [17].
we extend those results to tabular data. More importantly, Sketch for L, distance. The key property of sketches is
we extend the generally applicable dimensionality reduc- the strong accuracy guarantee that they provide: if the exact
tion techniques to the interesting direction of arbitrdry distance i, then our approximatiofis within ane fraction
norms (from justL, in that paper) for non-integralwhich  of 7 with probability1 — 4. That is,Pr[|¢ — {| > e/] < 6.
will be of interest in many other applications of approximate | et us first focus onZ.;. We shall implement techniques

distance computations. outlined in [12]. Given a vectaf, we define a sketch vec-
o ) tor of 7, §1(Z). This vector is of sizé: = cl"i—;/‘s, for
3. Sketches: Definition and Computation some constant, to be established later. We pigkandom

vectors1] ... 71k] where eact[i] = (7li]1, ..., 7li]n) is
As mentioned earlier, our methods depend on determin-made by drawing each component from the Cauchy distri-

ing “sketches” of objects. Sketches will be very small in bution. TheL, sketch is defined by,' (&) = & - 7i] —
size; two objects can be compared based on their sketchethat is, as the dot product af with each of thek random
accurately and quickly. For different distances, there will be vectorsrli].
other sketch functions; they are defined by their very strong ) - L
guarantees of quality. In this section we define the sketch—-'—hecl’rem}1 With pj?bab'“tyl =6 (L =97 —glh <
ing functions forL,, norms. median([5 (z) — 5 (y)]) < (1 + ¢)[|7 - ¥llx

Proof: The proof of this hinges on the fact that each el-
ementr[i] of §!(z) are drawn from a stable distribution,
and sorfi] - & — 7i] - ¥ = 7li] - (¥ — ) has same distribu-
tion as||Z — 4]|1 X, whereX has Cauchy distribution. Let

3.1. Preliminaries

We shall make use of one dimensional vectors and two
dirrlensional matrices. A one dimensional vector is written ;- \7i](Z — 7)|. It was shown in [12] that the median of
asz, and has some numberof entries. The tabular data | ;o equal to||7 — 71|: (recall that if M is the median of a
that we shall be manipulating can be Fhought ofasa VeCtor ., ndom variabld, then it must satisPr[L > M| = %_)
of vectors of the same length, or equivalently, as a two di- \ye pet apply standard results from statistical sampling: if
mensmnal matrix. To dlstmgwsh_these matrices from one q find the median 00(1/¢2) independent repetitions of
dlmensmnal vectors, we shall write these In Upper Case aShg process, then we guarantee that the approximation is
X. Theith component of a vector; is a scalar; théth  \jthin a factor of1 =+ € of the true answer with some con-
component of a matrixX; is a vector; and; ; isthe scalar  stant probability. We can then extend this by carrying out
that is thejth component of théth component of¥ . a furtherO(log 1/9) repetitions, and taking the median of

The L,, distance between two vectorg,andy, both of these: this process amplifies the constant probability of suc-
lengthn is (X0, |#; — 5;|7)/?. TheL, distance between ~ C€SS tol — 6. Thus, the repetition of the sampling ensures

# and is written ||Z — ¢],. We extend this notation to that the claimed probability bounds are met. O
tabular data, and so Sketch for L, forany 0 < p < 2. Next let us focus on non-
|X — 57\|p = (3.3 X, i— v S[p)L/e integral values op in L,,. If we replace the variables from
7 J 2 .

the Cauchy distribution with a stable variable for which=
The dot product of two vectors; andy is ), ;y;, and is p then a similar result follows for thé,, distance between

written Z - 4. Similarly, between two equal size matrices vectors. In particular, we have the new theorem



Theorem 2 For anyp € (0, 2] there exists a scaling factor (-1 [re-all

B(p) so for all vectorst, i, with probabilityl — § we have

(1=9)l|#—4llp < B(p) median(|s? (z) — 7 (y)|) < (1+¢)||Z— ]|, b
The need for a scaling factor follows from the fact that (i.j+d-b] q

the median op-stable distributions is only whenp = 1 or .

p = 2. We do not need to find(p), since for clustering ?Xk b

purposes, it is only the relative distance from a given point /i\

that is needed (which point is closest). The theory has so

far spoken in terms of vectors. However, it is conceptually @ a

simple to shift this theory from one-dimensional vectors to

two-dimensional matrices, thanks to the nature of the

norms: we can think of any matrix as being represented by ~ Figure 1. Compound sketches can be formed

a vector that is linearized in some consistent way. from LOUV sketches that represent the area re-
quired.

3.3. Computing Sketches This follows because we have to compute the dot product

of each of the random matrices with every sub-rectangle of
the data. This can be done more efficiently in the Fourier
Doman using convolutions.

For a given vector or matrix, its sketch is a short real-
valued vector as defined previously. According to the theory
outlined above, each entry in the sketch is the dot-product
of the object (vector or matrix) with a number of randomly Canonical sizes and combining sketchesNext we con-
created objects (as specified above, using values from stablgider computing sketches for many different sizes. Once we
distributions), necessarily of the same size. We are inter-have all sketches for sub-rectangles of a particular size, we
ested in computing sketches falt subtables of some large can combine these to make a sketch for a rectangle up to
set of tabular data. We describe this in two steps: twice the size in either dimension. Suppose that four inde-

« We construct the sketch for all subtables of a fixed di- PENdent sets of sketches?, ¢ 7,4 ?, v, have been com-
mension (size) very fast using Fast Fourier Transform. Puted for sub-rectangles of dimensioms< b. Provided
e We choose a small, canonical set of dimensions and® < ¢ < 2a andb < d < 2b, a sketch can be made for
construct sketches for all subtables of that dimension. the sub-rectangle of sizex d. Let the data be a large table,
The pool of all such sketches is used to quickly com- £ SO the sketchs?(Z[i, j]) will cover the sub-rectangle
pute the sketch of a subtable of any arbitrary dimen- from Z[i, j] to Z[i +a, j + b].
sion.
Definition 4 A compound sketchy’” can be formed as fol-
Computing sketches for all subtables of a fixed sizewVe lows: E’f(Z[i,j]) = §P(Z[i,j]) + tP(Z]i + ¢ — a,j] +
first focus on computing sketches witlieedsubtable size, ¢ »(Z[i,j +d —b]) + 7P (Z[i + ¢ — a,j +d — b])
and computing the sketch for all subtables of that size. The
definitions above immediately translate into algorithms. A In effect, the new sketch is formed by tiling the required
pre-processing phase can compute the necessdiffer- sub-rectangle with sketches of overlapping rectangles. This
ent R[i] matrices from an appropriate stable distribution. is shown in Figure 1. From this definition, we state the the-
Where we have tabular data, any subtable of fixed size de-orem that shows that this compound sketch still has the de-
fines a matrix that we would like to make a sketch of. Each sirable properties of a sketch.
sketch can then be computed by finding the dot product of
each of the random matrices with all sub-rectangles of the Theéorem 5 For two compound sketches created as above,
tabular data. In our scenario, when we are dealing with tab-With probability 1 — ¢’, we have||X — Y][,(1 — ¢) <
ular data, we could consider each sub-rectangle of fixed sizeB(p) median(|s’"(X) — s’ (Y)|) < 4(1 + ¢)||X — Y|,
in turn, and compute the sketches individually. Suppose . )
that the size of the input data /é and the subrectangle has ~ Because of this theorem, then by summing four sketches
size M, then the total cost of this approach@kM N) component-wise we can make reasonable sketches from
computations. This is because for each of Mdocations  those for smaller overlapping subtables. Therefore we
in the data table we must multiply different random ma- choose a:anon_lcalcollectlon of sizes: we fix dyadic sizes
trices with a subtable of siz&/. This can be improved, 2' 2’ for variousi and; and compute sketches for all
since the basic computation is simply the convolution of Matrices of siz&" x 2/ using Theorem 3. Following that

two matrices, which can be made more quickly using two- We can compute the sketches for any d sized subtable
dimensional Fast Fourier Transforms (FFT). using these sketches and using Theorem 5. Therefore, we

conclude
Theorem 3 All sketches of fixed size sub-rectangles of the
data can be made efficiently using the Fast Fourier Trans- Theorem 6 Given any tabular data of siz& = n x n, in
formation taking time) (kN log M). time O (kN log® N) we can compute all th@(log® N) sets



of sketches corresponding to the canonical sizes. Followingconfusion(i, j) is a function that reports how many times
that, the sketch for any subtable can be computed in timean item is classified as being in clustein one clustering

O(k). For L, distances of our interest; = o(bgi#), and in clusterj in another clustering, then the agreement is
and each sketch is ah+ ¢ approximation with probability ~ simply:
at leastl — §.

Z,’le confusion(i,:)
>k Z;‘.’:l confusion(%,5)
4. Experimental Results However, it is quite possible that two clusterings with

very different allocation of tiles to clusters could still be a
We prototyped our algorithms and in this section we re- good quality clustering. To remedy this, for any clustering,

port the results of a detailed experimental evaluation. we can compute the total distance of each element in the
clustering from the center of its cluster. Any clustering al-
4.1. Accuracy Measures gorithm should attempt to minimize this amount. We can

then evaluate this distance for the clustering obtained using

sketches as a percentage of the clustering obtained by exact

~ —— distance computations. Lepreade.q.:(:¢) be the spread

andY be denoted by|X — Y]|,. We use the following of theith cluster following a clustering with exact compar-

measures to assess sketching accuracy: isons, andspreadsgetcr (i) be similarly defined when ap-
proximate comparisons are used.

Let the sketched.,, distance between two matriceéé

Definition 7 Thecumulative correctness a set ofk sepa-
rate experiments between a set of matridésandY; is Definition 11 The quality of sketched clusteringvith &

?:1 spreadsketch ('L)

— clusters is defined as= spreade e (D
Y IXi—Yillp i=1 preafenact

Y X —Yillp

4.2. Datasets
This measure gives an idea of, in the long run, how ac-
curate the sketches are. We used real AT&T datasets in our experiments. From
these we projected a tabular array of values reflecting the
— call volume in the AT&T network. The data sets gives
ments is1 — L Z’?_l 1 - Xi=Yillp the number of calls collected in intervals of 10 minutes
ko= [1Xi=Yillp over the day £-axis) from approximately 20,000 collection
The above two measures are good for when we are test_:stations allocated_over th_e United S_tates spatially_ ordered
ing the sketches as estimators of the actual distance. In oupased on a mapping of zip CO@QX'.S)' This effectively
creates a tabular dataset of approximately 34MB for each

clustering application however, what is more important is . . .
the correctness of pairwise comparisons: testing whetherd2Y: We stitched consecutive days to obtain data sets of var-

some object is closer toy or to 2., I0US SIZES.

Definition 8 Theaverage correctness a set ofk experi-

For a separate set of experiments, we constructed syn-
Definition 9 Thepairwise comparison correctnestsk ex-  (hetic tabular data (128MB) to test the value of varying
periments between three sets of matricés,Y;, Z; is * the distance parameterin searching for a known clus-
tering. We divided this dataset into six areas represent-
SE xor(1Ks Vil <l Ki= Zil s | Ko Vil lp> 1Ko~ Zall) ing 1, 3,1 5 7 @nd 5 Of the data respectively. Each of

these pieces was then filled in to mimic six distinct patterns:
To assess the quality of a clustering obtained using ex-the values were chosen from random uniform distributions

act methods against one obtained using sketches, we wanith distinct means in the range 10,000 — 30,000. We then
to find ways of comparing the twhk-clusterings. A com- changed about 1% of these values at random to be relatively

monly used construct in comparing clusterings iscbefu- large or small values that were still plausible (so should not
sion matrix Each object will be associated with two clus- P& removed by a pre-filtering stage). Hence, under any sen-

ters: one for the exact comparison case, and one for the ap_sible clustering scheme, all tiles in areas created from the
proximate case. A& x k matrix records h,ow many objects Same distribution should be grouped together in the cluster-

are placed in each possible classification. ing.

Definition 10 The confusion matrix agreemerttetween  4.3. Assessing Quality and Efficiency of Sketching

two k-clusterings requires the use of a confusion ma-

trix on the clusterings that records the number of tiles in  These experiments were run on an UltraSparc 400MHz

each clustering that are allocated to the same cluster. If processor with 1.5Gbytes of memory. To assess the perfor-
Here xor(T, T) — xor(F, F) = 0 andxor (T, F) = xor(F,T) = mance of sketch construction, we conducted the following

1. So thexor function as used here will only count the cases where sketch- €XPeriment. For a tabular call volume data set correspond-

ing got the correct answer. ing to a single day (approximately 34MB), we measured the
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Figure 2. Assessing the distance between 20,000 randomly chosen pairs

time to create sketches of various sizes, for bbtland Lo correct. However, in this situation, we claim that such errors
norms. We considered objects (tiles) from size only 256 will not affect the quality of any derived clustering detri-
bytes up to 256k. The tests evaluated the time to assess thmentally, because following such a comparison, it does not
distance between 20,000 random pairs of tiles in the datamake much difference which cluster the tile is allocated to,
space. Figure 2 presents the results. since the tile is approximately the same distance from both.
The exact method requires the whole tile to be exam- We shall see that this claim is vindicated when we exam-
ined, so the cost of this grows linearly with the size of the ine the quality of the clusterings derived using approximate
tile. The sketch size is independent of the tile size. When distance comparisons.
we create the sketches in advance, we consider all possible Finally, since in clustering itis not the absolute value that
subtables of the data in square tiles (of size 8, 16 x 16 matters, but the results of comparisons, we ran tests by pick-
and so on up t@56 x 256). The processing cost is largely ing a pair of random points in data space and a third point.
independent of the tile size, depending mainly on the data\We determined which of the pair was closest to the test point
size. Since we use the same sized data set each time, thesing both sketching and exact methods, and recorded how
pre-processing time varies little. The time to assesdthe frequently the result of the comparison was erroneous. This
distance using sketches is much faster than the exact methoi$ the pairwise comparison correctness of Definition 9. Un-
when sketches are precomputed in almost every case. der all measures of accuracy, the results of Figure 2 show
We computed Average Correctness and Cumulative Cor-that sketching preserves distance computations very effec-
rectness (Definitions 8 and 7); in most cases these wadively.
within a few percent of the actual value, for relatively small ) ]
sized sketches (recall that the accuracy of sketching can bet.4. Clustering Using Sketches
improved by using larger sized sketches). Figure 2 presents
the results. Note that the times are shown on a logarith- The second set of experiments aims at evaluating the util-
mic scale, since the cost for exact evaluation becomes muchty of sketching when applied to clustering withmeans,
higher for larger tile sizes. On the average, the cumulative a popular data mining algorithm. In this experiment, we
distance found by sketching agrees with very high accuracystitch 18 days of data together, constructing a data set of
with the actual answer. Observe that the quality of the pair- over 600MB of raw data. With our experiments we wish to
wise comparisons decrease slightly underdistance for  evaluate the performance of sketching under the following
large tile sizes. We claim that this is explained by our data possible scenarios: (1) Sketches have been precomputed,
set: for large enough tiles, tHg distance between any pair so no time is devoted for sketch computation, just for run-
is quite similar. Hence, with the variation introduced by our ning the clustering algorithm on sketches (2) Sketches are
approximation, it becomes harder to get these comparisonsiot available and so they have to be computed “on demand”
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Figure 3. Results for clustering the data using k-means ( k=20), with data divided into tiles of size 9K.

(3) Sketching is not used; instead the exact distance is comthe speed-up is of the order of 3 to 5 times. Although cre-
puted. In each case, we divided the data up into tiles of aating a sketch can be costly (it requires the data tile to be
meaningful size, such as a day, or a few hours, and ran theconvolved repeatedly with randomized matrices), in the ap-
k-means clustering algorithm on these tiles. To ensure thatplication of clustering, one data tile will be compared with
the methods were comparable, the only difference betweernothers many times. So the cost of making the sketch is re-
the three types of experiments was the routines to calculatecouped over the course of the clustering since each sub-
the distance between tiles: everything else was held con-sequent comparison has a much lower cost than the cor-
stant. responding exact computation. Observing Figure 3, it is
evident that there exists little variation in the cost of the al-
gorithms using sketches, whereas the timings for the exact
computations are much more variable, but consistently sig-

Varying the value of p. Figure 3 presents the results for a
tile of size 9K. This tile represents a day’s data for groups of
16 neighboring stations. We experimented with a variety of = ; . )
settings fop: the traditional 2.0 and 1.0, and fractional val- nificantly more costl_y than with approximate comparisons.
ues in between. The first set of results show that sketching isIn each case, creating sketches adds the same cost (about

dramatically faster than using exact distance computations,130S of compute time) since the. number of skef[ches that
while giving a clustering that is as good as that found using are required, and the cost of creating each sketch is indepen-

exact computation. To assess clustering quality we used twodent of the data values and the valuepofNote that since

: : : : a slightly different method is used fgr = 2 compared to
approaches. First, by creating a confusion matrix between X . | .
the clustering using sketches and the clustering with exact” < 2(see Section 3) — this means tiiatdistance is faster

computations. The percentage of tiles that are classified aédc.) ?st|ma_te fwnh;lk()etches 'nt.th'stg[zsg.' .?nce tget\z,ivppro?rl]mate
being in the same cluster by both methods indicates how IStance 1S found by computing IStance between the

close sketching gets to the benchmark method, i.e., the Con§ketches, rather than by running a median algorithm, which

fusion matrix agreement of Definition 10. An alternative is slower.
measure of the quality of two clusterings comes by compar-  Another positive result regards the accuracy of the
ing the spread of each cluster; the better the clustering, thesketching approach. By analyzing the confusion matrix be-
smaller this spread will be. The spread is the sum of the tween computations using sketches and computations using
divergence of each cluster from the centroid of that clus- exact distances, we see that for several of our experiments
ter. This gives the objective way to test the quality of the there is a high degree of correlation, indicating that tiles
clusterings described in Definition 11. were allocated into the same cluster. We observe that the
When sketches are precomputed the time to perform theagreement is less good for higher valueg ef for L, dis-
clustering is many times faster, in some cases, an order otance, it reduces to around 60%. But although the clustering
magnitude faster, than using exact distance computationswe get is quite different from that obtained with the exact
This is because the tiles being compared in this test are 9Kdistance, the quality of the clustering in all cases is as good
in size, whereas the sketches are less than 1K, and so caas the one found by exact methods. In fact, in many cases
be processed faster. By Theorem 2 the size of sketches isising sketches produces a clustering that is better than that
independent of the data size, so we know that this differencewith exact comparisons (where the quality rating is greater
will grow more pronounced as the size of the objects being than 100%). This at first surprising result is explained as
compared increases. follows: even when we compute exact distances, khe
Perhaps less expected is the result that even whemmeans algorithm does not guarantee finding the best clus-
sketches are not available in advance, computing a sketchering. Evaluating distances using sketches introduces small
when it is first needed, and storing this for future compar- distortions in the distance computation that cause a differ-
isons is worthwhile. In fact we obtain major time savings: ent clustering to be reached (some objects will be placed in
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Figure 4. (a) Clustering with different numbers of means (b) Varying

a different cluster). This clustering can be a small improve-
ment over the one obtained by exact computations.

Varying the number of clusters. Figure 4 (a) shows
a series of experiments on the same set of data ¥th
means, as is increased. The difference between having
pre-computed sketches, and sketching on demand, remain

mostly constant, at around 140s. The cost of using exact,,

computations is significantly more expensive in all but one

casé, and without sketches the time cost appears to rise lin-
early withk. This is achieved using relatively large sketches

with 256 entries. This time benefit could be made even more
pronounced by reducing the size of the sketches at the ex
pense of a loss in accuracy.

In summary, the use of approximate comparisons does
not significantly affect the quality of the clustering found. P

Indeed, we have shown cases where the quality of the clus
tering is improved. Thé&-means algorithm is already inex-
act: it depends on a heuristic to generate the clustering, an
uses randomness to generate the inittaheans that are re-
fined over the course of the program. We have shown that
adding approximate distance comparisons to this clusterin
algorithm makes it run significantly faster, without notice-
ably affecting the quality of the output. This provides ev-
idence that clustering algorithms or other procedures mak-
ing use of L, distance computations can be significantly
sped up by using approximate computations with sketches
and that this will yield results that are just as good as those
made with exact computations.

4.5. Clustering Using VariousZ, Norms

With our last experiments we wish to evaluate the util-
ity of using variousL,, norms in clustering for data mining
tasks. We examine the output of the clustering procedure
to determine the effects of varying the parametén the
distance computations. We approach this in two ways: first,
by examining how varying can find a known clustering

Accuracy with Known Clustering
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%

(b)

p to find a known clustering

Synthetic Data. Recall that our synthetic data set is made
by dividing the data into six pieces, and filling each with a
distinct pattern, then adding “errors” of high and low read-
ings. We divided this data set into square tiles of size 64k,
and ran clustering using sketching on them for many val-
ues ofp in the rang€0, 2]. Since we know which cluster
&ach tile should belong to, we can accurately measure how
ell the clustering does in the presence of the artificial er-
rors and the approximation caused by using sketches. We
measure the percentage of the 2000 tiles allocated to their
correct cluster (as per Definition 10). Figure 4 (b) shows the
results as we vary.

We first observe that traditional measures,andL, es-
pecially perform very badly on this dataset. But if we set
between 0.25 and 0.8, then we get the answer with 100%
ccuracy. The explanation for this is that the larges,
the more emphasis it puts on “outlier” values: so if a sin-

al

d;le value is unusually high, then this will contribute a huge

amount to thel, distance — it adds the square of the dif-

ference. With distances this high, it is impossible to decide
which of the clusters a tile best belongs to, and the cluster-

ing obtained is very poor (if we allocated every tile to the
same cluster, then this data set under this measure would
score 25%). On the other hand, agets smaller, then the

L, distance gives a lower penalty to outliers, as we would

wish in this case. If we keep decreasingloser to zero,

then the measure approaches the Hamming distance, that is,
counting how many values are different. Since here almost
all values are different, the quality of the clustering is also
poor wherp is too small. However, we suggest that 0.5

gives a good compromise here: the results are not overly
affected by the presence of outliers, and even with the ap-
proximation of sketching, we manage to find the intended
clustering with 100% accuracy.

Real Data. For the case study, the geographic data was lin-
earized, and grouped into sets of 75 neighboring stations to

faciliate visual presentation. A subsection of the results of

in synthetic data; and second, by presenting a case studyhe clustering is shown in Figure 5 . Each point represents

analyzing a single day’s worth of data.

2This occurs when the number of comparisons made in the course of
clustering is not enough to “buy back” the cost of making the sketch.

a tile of the data, an hour in height. Each of the clusters is
represented by a different shade of grey. The largest clus-
ter is represented with a blank space, since this effectively



Detail of one day's data clustered under p=2.0, p=0.25
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The top figure shows when= 2.0; the lower wherp = 0.25. Each shade of grey denotes a different cluster (the largest
cluster is denoted by a blank space to aid visibility). For highemore detail can be seen; for lowgr the most important
sections are brought to the fore.

Figure 5. Detail of a clustering for a single day

represents a low volume of calls, and it is only the higher 6pm; at the other extreme of the data diagram there are re-
call volumes that show interesting patterns. gions that are active from 6am to 3pm. This is explained by
business hours and the three hour time difference between

Visual analysis of this clustering immediately yields in- East and West coasts . This difference is not so clearly visi-

formation about the calling patterns. Firstly, it is gener- ble on the more populated clustering witk= 2. As we fur-

ally true that access patterns in any area are almost identher decreasg to 0.25, only a few regions are distinct from

tical from 9am till 9pm. We can see very pronounced sim- the default cluster. These are clearly areas worthy of closer

ilarities throughout this time — long, vertical lines of the inspection to determine what special features they exhibit.

same color indicating that an area retains the same attributest therefore seems thatcan be used as a useful parameter

throughout the day. Call volume is negligible before 9am, of the clustering algorithm: sethigher to show full details

but drops off gradually towards midnight. It is also clear of the data set, or redugeto bring out unusual clusters in

how different values op bring out different features of the the data.

data in this data set. Fgr = 2, perhaps the most com- This example demonstrates how clusterings of the tab-

mon distance metric, a large fraction is allocated to non- ular data set can highlight important features. It has been

trivial clusters. These clearly correspond to centers of pop-confirmed by our knowledge of this data sets; in novel data

ulation (New York, Los Angeles etc.) represented by clus- sets, we would expect to be able to find the important fea-

ters of darker colors. On either side of the center of thesetures of the data, without the foreknowledge of what these

areas (ie, the greater metropolitan areas), patterns are lesgight be. It also demonstrates the importance of different

strong, and access is only emphasized during peak hoursvalues ofp, in contrast with previous attention focusing on

We see how the clusters represented by darker colors are ofthe traditional distance measurés and L,. The whole

ten flanked by those of lighter colors, corresponding to this continuum ofL, distances can give different and useful in-

phenomenon. Fgr = 1, there is less detail, but equally, the formation about the data.

results are less cluttered. Most of the clusters are indistin-

guishable from the background, leaving only a few places .

which can be seen to differ under tlig measure. It is 5. Conclusion

significant that these also show strong vertical similarity of

these clusters, suggesting that these areas show particular Mining tabular data calls for computing distances be-

points of interest. When studying the full data set, we no- tween different subtables. This presents two challenges:

ticed that while some areas figure throughout the day, someFirst, what is a suitable distance function that captures the

sections on one side of the data are only active from 9am till similarity between two subtables? We propdsgnorms



not only for the classicagl = 1, 2, but also for non-integral

p, 0 < p < 2, which presents a novel, fully tunable, sim-
ilarity notion between matrices and between vectors. By
settingp lower than 1, we are able to reduce the effect that
a few outlier values can have on the distance comparisons.
Second, how to compute distances between multiple pairs
of subtables most efficiently? This is crucial since tabu-
lar data are often massive in our motivating applications
and computing each distance would be time consuming.
We present sketching methods for computingdistances;
while there are well known dimensionality reduction tech-
niques forp = 2, we present sketching functions based on
stable probability distributions for other. ~ While other
transform based methods (like Discrete Cosine Transforms
or Haar Wavelet Coefficients) may be used to approximate
the distances between subtables, they fail in two ways: first,
they do not estimatd,,, distances fop # 2 adequately,
and second, they are not amenable to the composition of
sketches we perform here, which is crucial for the efficiency [10]
of our algorithms. As we have shown, our sketch computa-
tions are provably accurate in estimating fhedistances.

We use these algorithms to estimate distances betweer{11]
subtables in thé-means clustering algorithm. We consid-
ered more than half a gigabyte of real data. We were able
to show experimentally that our algorithms are substantially
faster than straightforward methods, and they are accurate
in the clustering context. Furthermore, we get visual and [13]
experimental confirmation thdt, distance presents an in-
teresting notion of similarity for non-integral valuesof

Our work initiates the study of tabular data mining in
which similarity between subtables can be approximated [14]
rapidly using our sketching methods. Many mining issues
in tabular data remain to be explored. We also find it in-
triguing that usingL,, distances with non-integral values of
p presents interesting clustering behavior, both visually and

[5] A. L. Buchsbaum, D. F. Caldwell, K. W. Church, G. S.

(6]

(7]

Fowler, and S. Muthukrishnan. Engineering the compres-
sion of massive tables: an experimental approachPrir
ceedings of the 11th Annual Symposium on Discrete Algo-
rithms, pages 175-184, 2000.

Daytona. AT&T research, Daytona Database
Management  System. Details  athttp://
www.research.att.com/projects/daytona/

M. Ester, H.-P. Kriegel, J. Sander, and X. Xu. A denS|ty-
based algorithm for discovering clusters in large spatial
databases with noise. Proceedings of the Second Interna-
tional Conference on Knowledge Discovery and Data Min-
ing, page 226, 1996.

[8] A. Feldmann, A. Greenberg, C. Lund, N. Reingold, and

J. Rexford. Netscope: Traffic engineering for IP networks.
IEEE Network Magazingpages 11-19, 2000.

[9] A. Feldmann, A. G. Greenberg, C. Lund, N. Reingold,

(12]

(15]

[16]

experimentally. It appears thatis a fully adjustable pa-
rameter that can be used as a slider to vary the nature of the
clustering.
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